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Abstract. In this paper, we extend the Montogomery identities for the Riemann- 
Liouville fractional integrals. We also use this Montogomery identities to es- 
tablish some new integral inequalities for convex functions. 
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1. Introduction 

The inequality of Ostrowski [IB] gives us an estimate for the deviation of the 
values of a smooth function from its mean value. More precisely, if / : [a, 6] ^^ R is 
a differentiable function with bounded derivative, then 

b 



I{x) 
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f{t)dt 



< 



1 (x-^^)^ 



[h-af 



(&-«)ll/'llc 



for every x G [a, b]. Moreover the constant 1/4 is the best possible. 

For some generalizations of this classic fact see the book [BJ p. 468-484] by Mitri- 
novic Pecaric and Fink. A simple proof of this fact can be done by using the 
following identity [8]: 

If / : [a, &] ^- R is differentiable on [a, h] with the first derivative /' integrable 
on [a, 6], then Montgomery identity holds: 



/(^) = 



6-, 



!{t)dt+ Pi{x,t)fit)dt, 



where Pi{x,t) is the Peano kernel defined by 

t ~ a 



Pi{x,t) := 



a < t < X 



<t<b. 



Recently, several generalizations of the Ostrowski integral inequality are consid- 
ered by many authors; for instance covering the following concepts: functions of 
bounded variation, Lipschitzian, monotonic, absolutely continuous and n-times dif- 
ferentiable mappings with error estimates with some special means together with 
some numerical quadrature rules. For recent results and generalizations concerning 
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Ostrowski's inequality, we refer the reader to the recent papers [3], [6], [9]-[Tl]. 
[I3]-[15]- 

In this article, we use the Riemann-Liouville fractional integrals to establish some 
new integral inequalities of Ostrowski's type. From our results, the weighted and 
the classical Ostrowski's inequalities can be deduced as some special cases. 



2. Fractional Calculus 

Firstly, we give some necessary definitions and mathematical preliminaries of 
fractional calculus theory which are used further in this paper. More details, one 
can consult [7], [12] . 

Definition 1. The Riemann-Liouville fractional integral operator of order a > 
with a > is defined as 



j:fi^) = ^j{x-tr-'f{t)dt, 

a 

Jlf{x) - f{x). 

Recently, many authors have studied a number of inequalities by used the Riemann- 
Liouville fractional integrals, see ([1], [2], [4], [5]) and the references cited therein. 



3. Main Results 

In order to prove our main results, we need the following identities, which corrects 
the result proved in [T]: 

Lemma 1. Let / : / C M — > R &e differentiahle function on 1° with a,b e I (a < b) 

and f G Li[a,b], then 

(3.1) 

/(^) - P^ib xy-'^J^fib) - jr\P2{x,b)f{b)) + J^iP2ix,b)f'{b)), a > 1, 



where P2{x,t) is the fractional Peano kernel defined by 

t — a ,, ,, 



{b-xy-°'T{a), a<t<x 



b — a 
(3.2) P2ix,t):-- 

--^{b-x)^-'^T{a), x<t<b. 
b — a 
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Proof. By definition of Pi{x,t), we have 



T{a)j:{P,ix,b)f (6)) = / {b-tr-'P,{x,t)f {t)dt 



(b - tr-' ( '^) f'{t)dt + fib - tr-' (L-^) f {t)dt 



b — a 



b — a 



1 



b — a 

1 
b — a 



{b - t)°'-\t - a)f {t)dt - I {b- tyf {t)dt 
{h + h). 



Integrating by parts, we can state: 



h - [h- tr-\t - a)fit)\l - I [-{a - l){b - tr-\t -a) + {b- i)""'] f{t)dt 
(3.3) 
= {b- x)°'-^{x - a)f{x) + (a - 1) / (& - t)"-'^{t - a) f{t)dt -- I [b - t)°'-^ f{t)dt 



and similary, 
(3.4) 

h = -{b - trf{t)\l -a lib- tr-' !{t)dt = (fe - xTfix) -a lib- i)"-^ f{t)dt 



Adding ^^ and (|Ml), we get 



r(a)4"(Pi(x, &)/(&)) 



b — a 



(b ~ a){b - xY'^j{x) + (a - 1) \ [b - t^-^t - a)f{t)dt 



a [b- t)°'-^f{t)dt - {b- t)"-^f{t)dt 
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If we add and subtract the integral (a — 1) J(6 — <)" '^{t — b)f{t)dt to the right hand 

X 

side of the equation above, then we have 
r(a)4"(Pi(x,6)/'(6)) = ^{{b-a){b-xr-^f{x) 



b h 



+ {b-a){a~l) {b-t)°'~^Pi{x,t)f{t)dt- {b - t)"-^ f{t)dt 



{b - xr-'f{x) + {a-l) {b~ tr-'Piix, t)f{t)dt 



b ~ a 



{b-tr-^f{t)dt 



ib - xr-'f{x) ~ ^J^fib) + T{a)jr\P,{x, b)Hb)). 
b ~ a 



Multiplying the both sides by (6 — a;) ^ ", we obtain 



j:{P2{x,b)f(b))^f{x) 



r(«) 

b — a 



[b - xy-'^j^fib) + j:-\P2{x,b)f{b)) 



and so 



Via) 



D 



fi^) = r^ib xf-^j:f{b) - jr\P2ix,b)fib)) + j:{P2{x,b)f m. 

b — a 
This completes the proof. 

Remark 1. // we choose a — 1, the formula iS.l]) reduces to the classical Mont- 
gomery Identity with P2{x,b)f{b) =0, x < t < b. However, because of the paces 
of the < and < signs in [1] , the correspmding result therein does not reduce to the 
classical Montgomery Identity. 

Theorem 1. Let / : [a, 6] — > K 6e a convex function on [a,b]. Then for any 
X G (a, &), the following inequality holds: 



(b-x)\, 



< 



(3.5) 
T{a) 



f'.ix)- Ub-anb-xY 



a- 



(b-x) 



{a + l){b~x)]f_{x) 



{b - xy-"j:fib) - j:-\P2ix, &)/(&)) - fix), « > i. 



b ~ a 
Proof. From Lemma [1] we have 



/(^) - r^ib - xr-"j:f{b) + j:-\p2{x, b)f{b)) 

b — a 



(3.6) 



[b-xy 

b~~a 



(b - t)"-^ {t~a)f {t)dt - / (6 - t)"/ {t)dt 



Since / is convex, then for any a; G (a, 6) wc have the following inequalities 

(3.7) f'{t) < f'_{x) for a.e. t G [a, a;] 

(3.8) f'{t) > f'+{x) for a.e. t G [x,b]. 
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If we multiply (|3.7p by {b — t)" ^ {t — a) > 0, t ^ [a,x], a > 1 and integrate on 

[a, a;], we get 



(6 - t)"-i {t-a)f {t)dt < {b- i)"-i (t - a) f_{t)dt 



(3.9) 



^— - [{b a)"+i + (6 - x)" [a(6 - x) - (a + 1) (6 - a)]] /i(x) 



and if we multiply (|3.8p by {b — i)" > 0, t £ [x,b], a > 1 and integrate on [x, b], 
we also get 



(3.10) 



b b 

{b ~ trf'{t)dt > fib - truit)dt = i^::^l!li/;(x). 



Finally, if we subtract (I3.10p from p.9p and use the representtation (|3.6p we deduce 
the desired inequality (13. 5p . D 



Corollary 1. Under the assumptions Theorem]^ with a = 1, we have 



^ [{b ~ xfr^{x) - (a - xfr_{x)\ < / f{t)dt - (6 - a)/(x). 



The proof of the CorroUary [T] is proved by Dragomir in [10 . Hence, our results 
in Theorem [T] are generalizations of the corresponding results of Dragomir |10j . 

Remark 2. // we take x = ^^ in Corollary [Jl we get 



0< 



6- 



8 



/;(^)-/i(^) 



^F^//w^'-/0 



Theorem 2. Let / : [a, 6] — )■ R &e a convex function on [a.b]. Then for any 
X e [a, 6], the following inequality holds: 



< 



b — a 
1 



(6 - xy~'^j:f{b) - jr'(^2(x,6)/(6)) - /(x) 

(3.11) 
(b-x)\, 



a{a + l) 



f_{b) - ( (6 - a)"(6 - x)i-" + a^V^ - (a + 1)(5 - :e) ) /:,(a) 



Proof. Assume that f^{a) and f'_{b) are finite. Since / is convex on [a, 6], then we 
have the following inequalities 



(3.12) 



fit) >f'+{a) for a.e. t <E [a,x] 



a > 1. 



(3.13) 



f'{t) <f'_{b) for a.e. te [x,b]. 
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If we multiply (\3.12\i by (6 — i)"^^ {t — a) > 0, t e [a,x], a > 1 and integrate on 
[a,x], we have 



(6 - t)"-' {t-a)J {t)dt > / (& - <)""' {t - a) f+{a)dt 

a 

(3.14) 

= ^(^TTT) [(^ ~ "^"^' + (^ " "^^^ ["(^ - :.) - (a + 1) (6 - a)]] /;(a) 



and if we multiply p.lSp by [h — t)" > 0, t ^ [x,b], a > 1 and integrate on [x, b], 
we also have 

b b 

(3.15) Jib trf'{t)dt < Jib tru{t)dt = ^^-^^f_{b). 

X X 

Finally, if we subtract p.l4p from (|3.15p and use the representtation (|3.6|) we deduce 
the desired inequality p. lip . D 

Corollary 2. Under the assumptions Theorem\^ with a = 1, we have 
b 
}{t)dt -{b- a) fix) <l[{b~ xf.f-{b) - (a - ^ff+{a)] • 

The proof of the CorroUary [2] is proved by Dragomir in 10 . So, our results in 
Theorem [2] are generalizations of the corresponding results of Dragomir [10] . 



< ^ I f{t)dt-fC-^) < ^ [fjb)-f4a)] 



Remark 3. // we take x = ^-j^ in Corollary [^ we get 

b 

b — a 

a 

Now, we extend the Lemma [1] as follows: 

Theorem 3. Let / : / C M ^- M fee twice differentiate function on 1° with 

/' e Li[a, 6], then the following identity holds: 

(3.16) 

(1 - 2X)f{x) = ^{b - x)'--J^f{b) ~ A (fef )""' /(a) 

-JrHP3ix,b)f{b)) + J^{P,{x,b)f'{b)), a> 1, 
where P3{x,t) is the fractional Peano kernel defined by 



i-(l-A)a-A6,^ i_^ 



{b~xy-°T{a), a<t<x 



(3.17) P3{x,t):-- 

/or < A < 1. 



b — a 

{b~xy-'^T{a), x<t<b 



t-{l-\)b-\a,^ 



6-1 
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Proof. By similar way in proof of the Lemma [TJ we have 
T{a)j:iPsix,b)f'{b)) = 



{b~tr-'P3ix,t)f it)dt 

T{a){b-x)^-" 



b — a 



{b - t)"-^ (i - (1 - A)a - Xb) f {t)dt 



(3.18) 



+ {b- t)"~i (i - (1 - A)6 - Xa) f {t)dt 

X 

= ^—^ (J1 + J2). 

Integrating by parts, we can state: 

Ji == (6-a;)"-i(a;-(l-A)a-A6)/(a;) + (6-a)"/(a) 

X X 

+{a - 1) f{b - t)"-2(^ _ (1 „ x)a - Xb) f{t)dt - f {b - t)°'-^ f{t)dt 



and similary, 
J2 = -{b-x)"{x-{l-X)b-Xa)f{x) 



b b 

+{a - 1) / (& - t)°'-^{t - (1 - A)a - A6) f{t)dt - [ {b - i)"-i f{t)dt 



Thus, using Ji and J2 in p.lSp we get p. 161) which completes the proof. D 

Remark 4. We note that in the special cases, if we take X — in Theorem\^ then 
we get i3.1\) with the kernel P2{x,t). 



Theorem 4. Let f : [a,b] ^ M. be differentiable on {a,b) such that f G Li[a,b], 
where a < b. If 
inequalty holds: 



f {x) < M for every x G [a,b] and a > 1, then the following 

r(a) 



(1 - 2X)fix) - -^(6 - xy"^j:f{b) + X 



6- 



6- 



fia) + j:-\P,ix,b)f{b)) 



M 



< —— {[b - aT{b - xY"^ [2A"+i + 2(1 - A)"+i + X{b - a) - l] 

(3.19) 

+ (6 - x) 



^ b — X , ^ , 
2a-. (a + 1) 



6-, 



8 MEHMET ZEKI SARIKAYA** AND HASAN OGUNMEZ* 

Proof. From Theorem [3l we get 



(1 - 2\)fix) = P^{b - xf--j:f{b) A (^-^ 1 /(a) 



b — a 



b — X 



< 



r(a) 


a 


{b~ 


x)i-" 


b 


— a 




(3.20) 



{b-tr-'\P:,{x,t)\ fit) 



dt 



{b-tr-^\t-{l-\)a-\b\ f{t) 



dt 



+ nb~tr-'\t^il-X)b-Xa\ fit) 



dt 



< ^^^^^^ " {lib- i)""' |i - (1 - A)a - A6| dt+ lib- i)"-i \t-il- \)b - Xa\ dt 

— a 
By simple computation, we obtain 



J3 



{h-t)°'-^\t-il-X)a-\b\dt 



\b+{l-X)a X 

ib - t)"^^ [Xb + [l - X)a - t) dt + I ib - t)''-^ [t - Xb - il ~ X)a) dt 

a A6+(1-A)a 

^ ' ^2(1 - A)°+^ + A(b - a) - 1] + \ \ [a(6 - x) - (1 - A)(b - a) (a + 1)] 



a(a + l) 
and similarly 



a(a + l) 



J4 = lib-t)°'-^\t-il-X)b-Xa\dt 



Aa+(1-A)fc 6 

/" (5-i)""MAa+(l-A)fe-t)(ii+ / (6 - t)"-i (i - Aa - (1 - A)6) dt 

a: Aa+(1-A)h 

2A"+\fe-a)"+i (6-a;)" 



^ ^n ' / , [a(b-a:) - A(b-a)(a + l)] 

Using J3 and J4 in (|3.20p . we obtain (|3.19p . 



D 
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Remark 5. We note that in the special cases, if we take X ~ in Theorem [^ 
then it reduces Theorem J^.l proved by Anastassiou et. al. [1]. So, our results are 
generalizations of the corresponding results of Anastassiou et. al. [I]. 
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